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We study four-dimensional quantum gravity using non-perturbative renormalization group meth-
ods. We solve the corresponding equations for the fully momentum-dependent propagator, Newtons
coupling and the cosmological constant. For the first time, we obtain a global phase diagram where
the non-Gaussian ultraviolet fixed point of asymptotic safety is connected via smooth trajectories to
a classical infrared fixed point. The theory is therefore ultraviolet complete and deforms smoothly
into classical gravity as the infrared limit is approached.
I. INTRODUCTION
Understanding the quantization of the gravitational
force is an outstanding problem in theoretical physics.
Any viable theory of quantum gravity must connect sta-
ble infrared (IR) physics with a well-behaved ultraviolet
(UV) limit. The asymptotic safety scenario provides a
UV-completion in a natural way. It is based on a non-
Gaussian UV fixed point, which leads to vanishing β-
functions in the limit of arbitrarily high energy scales
and renders the couplings finite even beyond the Planck
scale [1].
The asymptotic safety scenario received growing atten-
tion during the past decades and has been studied with
different methods. The underlying fixed point structure
was found in the non-perturbative continuum approach
[2–11], as well as in lattice simulations [12–14]. The for-
mer is based on the functional renormalization group, in
particular on its formulation for the effective action [15].
The crucial UV fixed point is confirmed in various ap-
proximations, including the coupling to gauge and matter
fields [16–21], dilaton gravity [22] and higher derivative
calculations [23–27]. There is also a rich field of phe-
nomenological applications based on asymptotically safe
quantum gravity. This includes e.g. implications for the
standard model and its extensions [28, 29], black hole
physics [30–33], collider experiments [34, 35] and cosmol-
ogy [36, 37]. However, the standard calculations lead
to an ill-defined IR limit since the trajectories exhibit a
singular behaviour on large length scales.
In [2] an IR fixed point has been found as the end-
point of a singular line. The existence of this fixed point
was only seen within a proper distinction of background
and dynamical couplings. The singular behaviour in the
vicinity of the IR fixed point was attributed to the ap-
proximation. The first smooth IR fixed point in asymp-
totically safe gravity, allowing for a theory that is well
defined on all energy scales, was found in [3]. There,
however, a non-classical behaviour in the vicinity of the
IR fixed point has been computed, therefore leading to
modified gravity on very large length scales. Again, the
non-classical behaviour may be attributed to the approx-
imation. Further discussions on this issue from different
perspectives can be found in [38–41].
In the present work, we construct a qualitatively en-
hanced approximation within the systematic vertex ex-
pansion scheme introduced in [3]. With this enhanced
approximation the theory is asymptotically safe in the
UV, and exhibits an IR fixed point which describes clas-
sical gravity. The corresponding renormalization group
(RG) trajectories are globally smooth. They connect
the known IR physics with classical gravity on large
length scales with a viable theory of Planckian and trans-
Planckian gravity. The present scenario encodes that
quantum gravity effects set in at about the Planck-scale,
and are absent for energy-scales E MPl.
This work improves the vertex expansion scheme set-
up in [3] in several aspects. We compute, for the first
time, fully momentum-dependent wave-function renor-
malizations for the graviton and the ghost. Note that
the wave function renormalizations are functions of the
covariant Laplacian, and hence this takes into account in-
finitely many terms in an expansion of the effective action
in powers of the covariant derivative. Additionally, multi-
graviton interactions are constructed from their scaling
behaviour, see [42]: the dependence on the running RG-
scale is deduced from consistent RG-scaling of the vertex.
This novel self-consistent vertex construction is of major
importance for the transition from UV to IR scaling, and
the stability of the IR regime.
The present work is organized as follows: We intro-
duce our approximation scheme in section II, and the ver-
tex construction in section III A. The flow equations for
the fully momentum-dependent propagators are derived
in the subsequent subsections. The consistency analysis
in section III D constrains the momentum-independent
parts of the vertex functions, and is crucial for the global
properties of the phase diagram. The latter is the topic
of the first section of the results, section IV A. Moreover,
the reliability of all results is tested within a regulator
study. To this end we use the optimized regulator as well
as a class of exponential ones. The results are found to
be stable against variations of the regulator. The prop-
erties of the UV regime are discussed in section IV B. In
this section we also investigate the stability and reliabil-
ity of the derivative expansion, at the basis of the full
momentum-dependence. In section IV C the properties
of the IR regime are discussed.
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2II. FLOWS IN QUANTUM GRAVITY
A quantum field theory is entirely described by a com-
plete set of correlation functions. The generating func-
tional for the 1PI correlators is the effective action Γ[g¯, φ],
where we have already introduced a fixed background
metric g¯ and a fluctuation super-field φ. In the case of
gravity this super-field is given by the vector φ = (h, c¯, c),
where h is the graviton field and c, c¯ are the correspond-
ing ghost and anti-ghost fields.
In the present work we use the functional renormal-
ization group approach, for reviews on quantum gravity
see [5–11], for general reviews and other applications see
e.g. [43–57] . With the functional renormalization group,
the effective action can be determined via a functional
differential equation for the scale-dependent effective ac-
tion Γk[g¯, φ], which for quantum gravity is given by [4]
∂tΓk[g¯, φ] =
1
2
Tr
[
1
Γ
(2h)
k +Rk,h
∂tRk,h
]
[g¯, φ]
−Tr
[
1
Γ
(cc)
k +Rk,c
∂tRk,c
]
[g¯, φ] . (1)
It involves an IR regulator Rk which is implemented on
the level of the path integral and carries an IR cutoff-scale
k. In addition to that, t denotes the logarithmic RG scale,
t := log(k/k0), with an arbitrary normalization scale k0,
and the Tr implies an integral over all continuous and
a sum over all discrete indices. We will also make use
of the notation ∂tf(k) =: f˙(k) for any scale-dependent
quantity. Moreover, we have introduced the notation
Γ
(φ1...φn)
k [g¯, φ] :=
δnΓk[g¯, φ]
δφ1 · · · δφn (2)
for the 1PI vertex functions, which are derivatives of the
effective action with respect to the fluctuation fields and
are the elements of the full super space matrix Γ
(n)
k .
The right hand side of the flow equation (1) depends
on the the two-point correlators of the fluctuation field
φ. It is important to note that the fluctuation correlation
functions do not agree with the background correlations,
i.e.
δ2Γk[g¯, φ]
δh2
∣∣∣∣
φ=0
6= δ
2Γk[g¯, 0]
δg¯2
, (3)
for details see [3, 19, 58–60]. In other words, one can-
not extract dynamical couplings from the flow of the
background field effective action at vanishing fluctuation
fields, φ = 0. This directly relates to the fact that the
flow equation (1) for the effective action at φ = 0 is not
closed within the standard background field approach.
More importantly, avoiding unphysical background con-
tributions can be crucial for capturing the correct non-
perturbative physics. In conclusion, in the FRG setup,
this strongly suggests to start from the exact equation
for the inverse fluctuation propagator.
Moreover, the master flow equation (1) leads to an infi-
nite hierarchy of coupled partial integro-differential equa-
tions for the scale-dependent vertex functions Γ
(n)
k . More
precisely, the equation for the n-point vertex function
contains vertex functions of order n+ 1 and n+ 2. This
system is usually not exactly solvable. Therefore, one
has to employ certain approximation schemes. We as-
sume that the effective action can be expanded in a func-
tional Taylor-series around the fixed background metric
g¯. Moreover, we choose the flat Euclidean metric, i.e. the
identity g¯µν = δµν , as the expansion point. We will need
this expansion up to fourth order in the graviton field.
In symbolic notation, the effective action takes the form
Γk[g¯, φ] =
∑
n
1
n!
Γ(n)[g¯, 0]φn
=Γk[g¯, 0] + Γ
(h)
k [g¯, 0]h+ Γ
(2h)
k [g¯, 0]h
2
+ Γ
(3h)
k [g¯, 0]h
3 + Γ
(4h)
k [g¯, 0]h
4 + . . .
+ Γ
(cc)
k [g¯, 0]c c+ . . . . (4)
The first and second term are of order h0 and h1 and do
not enter the RHS of the flow equations for any Γ
(n)
k .
The above expansion of the effective action in powers of
the fluctuating field around a flat Euclidean background
g¯µν = δµν also restricts the number of higher derivative
operators which can contribute to the vertex functions of
n-th order. For instance, the most general form of the
two-point function derives from an action which includes
at most O(R2) operators. All higher order terms vanish
after two functional differentiations and evaluation on a
flat background. Terms with higher order than this only
contribute to vertex functions of order n > 2.
III. VERTEX EXPANSION
In the present work we use the systematic vertex ex-
pansion scheme as suggested in (4). The hierarchy of
flow equations that has been introduced in the last sec-
tion has to be truncated at finite order. This means that
one can calculate the flow of a vertex function of given
order n and use an ansatz for Γ
(n+1)
k and Γ
(n+2)
k . We
will compute the basic quantity of the present approach,
the full two-point correlation functions of the fluctuation
fields φ, that is n = 2. The corresponding flows rely
on the two- but also on the three- and four point func-
tions of the fluctuation fields. Hence we also introduce
approximations for Γ
(3)
k and Γ
(4)
k that are consistent with
the symmetries of the theory and have the correct RG-
scaling. The latter property is essential for the global
UV–IR flows considered here.
3A. Structure of the vertex functions
First of all, we have to specify the tensor structures of
the vertices. In the present work, we use the classical ten-
sor structures which arise from functional differentiation
of the Einstein-Hilbert action. The gauge-fixed Einstein-
Hilbert action, including the ghost part, is given by
S =
1
16piGN
∫
d4x
√
detg (−R+ 2Λ)
+
∫
d4x
√
detg¯ c¯µMµνcν (5)
+
∫
d4x
√
detg¯
1
2ξ
g¯µνFµFν .
In (5), GN is the Newton constant and Λ is the cosmo-
logical constant. The Fadeev-Popov operator is given by
Mµν = ∇¯α(gµν∇α + gαν∇µ)− ∇¯µ∇ν , (6)
and the linear gauge fixing conditions reads
Fµ = ∇¯νhµν − 12∇¯µhνν . (7)
Moreover, in this work we restrict ourselves to Landau
gauge, that is ξ → 0. Extended ghost interactions are
studied e.g. in [61, 62].
The standard Einstein-Hilbert truncation amounts to
replacing the gravitational coupling and the cosmologi-
cal constant in (5) by running couplings GN,k and Λk.
The vertex functions are then given by functional deriva-
tives of this effective action. However, this approxima-
tion turns out to be inconsistent in the physical IR limit,
which will be discussed in detail later. We also mention
that the basic Einstein-Hilbert truncation does not disen-
tangle the difference between a wave-function renormal-
ization and a running coupling, since the running of the
latter is simply identified with the running of the former.
Note that in Yang-Mills theory such an approximation
gives a deconfining potential of the order parameter even
in the confining regime, see [60, 63, 64]. In this case,
it is also the non-trivial momentum-dependence of the
correlation functions that plays a crucial roˆle for captur-
ing the correct non-perturbative physics. Additionally,
in the UV limit, k →∞, the full momentum-dependence
of correlation functions is potentially relevant. In partic-
ular, a derivative expansion implies p2/scale2  1 which
relates to low energy physics. So far, these momentum-
dependencies have not been taken into account.
Consequently, we construct more general vertex func-
tions that take into account the above properties while
keeping the classical tensor structures. The construction
of such vertex expansions of the scale-dependent effective
action was introduced in [42] and applied in the context
of Yang-Mills theories. A similar truncation based on
these ideas was recently applied in quantum gravity to
[65]. One guiding principle in this construction is RG in-
variance, i.e. invariance of the full effective action under
a change of the renormalization scale µ:
µ
d
dµ
Γ = 0 , (8)
where µ should not be confused with the running IR cut-
off scale k, for a detailed discussion see [48]. In addition
to that, we parameterize the vertex functions, i.e. the
coefficients in the expansion (4) schematically as
Γ(n) = Z
n
2 Γ¯(n) (9)
with a µ-independent part Γ¯(n) and a µ-dependent wave-
function renormalization Z(p2) of the attached fields.
The above construction implies the correct scaling be-
haviour for the fields according to
µ
d
dµ
φ = η φ . (10)
In the present work we use a uniform wave function renor-
malization, Zh = Zhi , for all components of the graviton.
Non-uniform Z-factors will be subject to a forthcoming
publication [66]. The transverse-traceless (TT) part of
the full propagator is now parameterized as
Γ
(2h)
TT (p
2) = Zh(p
2)(p2 −M2)ΠTT(p) , (11)
with the transverse-traceless projector ΠTT(p), and an
effective mass term M representing the momentum-
independent part of the two-point function. Note that
the Z-factors are functions of the covariant Laplacian
∆, and therefore include infinitely many terms in a co-
variant expansion of the effective action in powers of the
Laplace operator. This is the first RG study of quan-
tum gravity taking into account this general momen-
tum dependence of the graviton and the ghost propa-
gator. The fully momentum-dependent Z-factors lead
to a vertex construction with the required RG scaling
properties. They also embody a corresponding implicit,
non-canonical momentum-dependence of the vertex func-
tions, in line with the co-linear singularity structure of
vertex functions. Note that a similar vertex construction
is achieved by simply taking further h-derivatives of the
two-point correlation function (11) with p2 → ∆(g¯, h).
Finally, we allow for additional running parameters
Λ
(n)
k which govern the (consistent) scale-dependence of
the momentum-independent part of the vertex functions.
This takes into account scaling properties of the vertex
functions that are crucial for the global flows structure,
and has not been considered before. The construction
of the vertex functions also include appropriate powers
of a scale-dependent Newton coupling GN,k as prefactors
of the vertex functions. These factors, apart from the
wave function renormalization factors, encode the cor-
rect scale-dependence of the vertices, see [42]. Note that
in general there are separate coupling constants G
(n)
k for
each vertex function, but we identify G
(n)
k = G
n
2−1
N,k in
the present work. Still, this construction goes far beyond
4the approximations considered so far in RG-gravity. In
summary, the vertex functions take the form
Γ
(φ1...φn)
k =
n∏
i=1
√
Zφi,k(pi)G
n
2−1
N,k T (n)k (p1, . . . , pn; Λ(n)k ) ,
(12)
with tensor structures
T (n)k = S(n)(p1, . . . , pn;GN = k2,Λ→ Λ(n)k ) , (13)
that arise from functional differentiation of the classical
Einstein-Hilbert action S given in (5). We left out the
momentum arguments on the LHS as well as the func-
tional dependence on the fields. If we leave out the func-
tional argument, it is implicitly understood that the func-
tional is evaluated at vanishing fluctuation fields and on
a flat background. The tensor structures T (n)k carry not
only the canonical explicit momentum-dependence of the
vertex functions, but also the running parameters Λ
(n)
k .
They are defined by
T (n)k (pi = 0; Λ(n)k ) =: −2Λ(n)k T˜ (n)(δµν) , (14)
where T˜ (n)(δµν) is the tensor structure arising from func-
tional differentiation of the integral of the volume form
with respect to the metric tensor. The factor of −2 in the
definition is introduced such that we recover the classical
cosmological constant in the Einstein-Hilbert action. We
emphasize again that the consistent RG-scaling of the pa-
rameters Λ
(n)
k is of major importance for the transition
from the UV regime to the IR regime, as well as for the
stability of the IR regime. In this regime the Λ
(n)
k are
determined via a self-consistency analysis of the scaling
behaviour. Details will be presented in the corresponding
results sections.
An example for the above vertex construction is the
scalar coefficient of the TT-two point function of the
graviton,
Zh(p
2)(p2 − 2Λ(2)k ) , (15)
see also (11). The tensor structures for the general two-
point function, from which the above results via TT-
projection, are given by (13) and arise from functional
differentiation of the Einstein-Hilbert action. Equation
(15) and (11) entail that Λ
(2)
k is the effective graviton
mass,
M2k = −2Λ(2)k . (16)
Once again, note that this mass term is not the cosmo-
logical constant.
B. Flow of the propagator
The flow of Γ(2h) in a standard Einstein Hilbert trun-
cation has been calculated in [3]. The corresponding flow
∂t
δ2Γ[g¯, φ]
δh2
∣∣∣∣
φ=0
(p2) = −1
2
+
−2 ≡ Flow(2h)(p2)
∂t
δ2Γ[g¯, φ]
δcδc¯
∣∣∣∣
φ=0
(p2) = +
≡ Flow(cc)(p2)
FIG. 1: Diagrammatic representation of the flow of the second
order vertex functions. The dressed graviton propagator is
represented by a double line, the dressed ghost propagator by
a dashed line, while a dressed vertex is denoted by a dot and
the regulator insertion by a crossed circle.
equation is obtained by functional differentiation of (1),
and its diagrammatic representation is shown in Figure 1.
In the present work, we compute the fully momentum-
dependent two-point functions with the RG-consistent
ansatz (12) for the three- and the four-point function.
With Figure 1 and (12) the flows of the two-point func-
tions Γ(2) depend on(
Zh(p
2), Zc(p
2),M2, GN ,Λ
(3),Λ(4)
)
. (17)
Here we have already dropped the subscript k, and if
not stated otherwise, all generalized couplings are scale-
dependent.
The two-point function contains all tensor structures
in the York transverse-traceless decomposition. The
transverse-traceless part is not constrained by Slavnov-
Taylor identities and is expected to carry the essential
properties of the graviton. In this work we identify all
wave function renormalizations of the graviton modes
with that of the transverse-traceless mode. Hence, from
now on, all expressions for the two-point functions relate
to the TT-part. A study with all independent tensor
structures will be presented elsewhere [66].
In this work, we use a regulator of the form Rφ(p
2) =
Zφ(p
2)R0φ(p
2) with R0φ(p
2) = p2 r(p2)Tφ, where Tφ de-
notes the tensor structure of the corresponding two-point
function evaluated at vanishing mass, and r(p2) is a di-
mensionless shape function. Then, the flow of the inverse
propagator reads
∂tΓ
(2h)(p2) = (p2 +M2)∂tZh(p
2) + Zh(p
2)∂tM
2
= Flow(2h)(p2) , (18)
where
Flow(2h)(p2) = GNZh(p
2)× (19)∫
d4q
∑
φ
(
∂tr(q
2) +
∂tZφ(q
2)
Zφ(q2)
r(q2)
)
Iφ(p
2, q2,Λ(n)) .
5In the above equation, Iφ(p
2, q2,Λ(n)) are scalar func-
tions that arise from the contraction of the diagrams
and a subsequent projection onto the TT-structure, and
n = 2, 3, 4. This structure follows from our vertex con-
struction discussed above. Explicit expressions for the
flow equations are given in Appendix A. For the ghost
sector, we apply the same strategy and arrive at the much
simpler equation
p2∂tZc(p
2) = Flow(cc)(p2) . (20)
Note that with the RG consistent vertex ansatz (12) and
the structure of the flow equations for Γ(n), one can infer
that the wave-function renormalization Z(p2) does never
enter a flow equation alone, but always in the combina-
tion Z˙/Z. This motivates the definition of the anomalous
dimensions of the graviton,
ηh(p
2) := −∂tZh(p
2)
Zh(p2)
, (21)
and of the ghosts,
ηc(p
2) := −∂tZc(p
2)
Zc(p2)
. (22)
We note that the RHS of the flow of the Γ
(2)
k does de-
pend on ηh, ηc,M
2 and the three- and four-point func-
tions, see (17). In the standard Einstein-Hilbert setup,
a scale-dependent gravitational coupling is constructed
from the graviton wave-function renormalization, and the
momentum-independent parts of the vertex functions are
all identified with the cosmological constant, Λ(n) ≡ Λ.
This procedure closes the equations (18) and (20) and
was used at least in parts in all FRG gravity calculations
so far.
In the present work this identification, which spoils the
scaling properties of the correlation functions, is avoided.
For the gravitational coupling constant GN , we use the
relation of the present framework at flat backgrounds to
that with geometrical effective actions, see [2]. This is
discussed in more detail below. The couplings Λ(n) are
constrained within a self-consistency analysis, see sec-
tion III D.
Finally we introduce dimensionless, scale-dependent
couplings, to wit
g := GNk
2 , µ := M2 k−2, (23)
λ := Λk−2 , λ(n) := Λ(n)k−2 , (24)
with n ≥ 3 and Λ = Λ(1). It is left to project the func-
tional flow onto individual flow equations for all running
couplings.
1. The running mass
The flow equation for the mass M2 is obtained from
the flow of the inverse propagator, evaluated at the pole
of the propagator, i.e. p2 = −M2. Taking the t-derivative
of the on-shell two-point function, Γ(2h)(−M2), yields
0 = ∂tΓ
(2h)(p2)
∣∣∣
p2=−M2
− Zh(−M2)∂tM2 . (25)
Solving for the running of the mass parameter, we get
∂tM
2 =
∂tΓ
(2h)(−M2)
Zh(−M2) . (26)
One of the goals of this work is to evaluate the phase
diagram of quantum gravity and its fixed point structure.
For this reason, it is convenient to derive β- functions for
the dimensionless parameters. Then, the above equation
translates into
∂tµ = −2µ+ ∂tΓ
(2h)(−M2)
k2Zh(−M2)
=: βµ[ηh, ηc](g, µ, λ
(3), λ(4)) . (27)
The explicit form of the β-function is given in Ap-
pendix A. It is clear from (19) that the β-function for
the running mass shows a functional dependence on the
anomalous dimensions. It turns out that the final result
for the β-function of µ and the momentum- dependent
equation for the anomalous dimension η(p) does not de-
pend on the projection point, see Appendix B. The fi-
nite difference at p2 = −M2 is just the most convenient
choice.
2. Integral equations for the anomalous dimensions
Starting from the general equation (18), using the
above definition of the anomalous dimension and insert-
ing (26), we obtain an integral equation for ηh which
reads
ηh(p
2) = −
∂tΓ
(2h)(p2)
Zh(p2)
− ∂tΓ
(2h)(−M2)
Zh(−M2)
p2 +M2
[ηh, ηc] . (28)
Note that all isolated Z- factors drop out, see (18). The
same procedure can be applied for the ghost sector. Since
there is no ghost mass, we trivially arrive from (20) at
ηc(p
2) = − ∂tΓ
(cc)
p2Zc(p2)
[ηh, ηc] . (29)
The explicit form of eqs. (28) and (29) is given in Ap-
pendix A. The full expressions of are derived and solved
numerically, with the help of Form [67], xTensor [68],
and Eigen [69].
C. The running gravitational coupling g
As already mentioned, we use geometrical flow equa-
tions for GN in order to close the system of differ-
ential equations. This approach allows an inherently
6diffeomorphism- invariant construction of flows in quan-
tum gravity, see [70, 71]. It has been applied to the
phase structure of quantum gravity in [2], where evo-
lution equations βg for the dynamical coupling g, and βg¯
for the background coupling g¯ are derived. In the present
work we utilize the fact that the geometrical approach is
directly related to the present approach in a flat back-
ground. In particular, the dynamical and background
couplings in both approaches agree.
Moreover, with the fully momentum-dependent
anomalous dimensions computed in the present work,
we are able to directly incorporate effects of arbitrar-
ily high powers of derivatives in the equations for βg,βg¯
in [2]. The anomalous dimensions enter the geometric
flow equations in very much the same way as in (18).
However, the wave-function renormalizations in [2] are
momentum-independent and can be pulled outside the
integrals. This is not the case in our set-up. Enter-
ing the equations with the momentum-dependent ηφ(p
2)
calculated via (28) leads to a modification on the level
of the threshold functions Φ. These modified threshold
functions are given in Appendix A.
With these ingredients, the general structure of the β-
function for the dynamical gravitational coupling is given
by
βg[ηh, ηc] (g, µ) = 2g + Fg[ηh, ηc] (g, µ) , (30)
and the one for the background coupling takes the same
form with g being replaced by g¯ and an individual loop
contribution Fg¯[ηh, ηc] (g¯, µ). The functionals Fg and Fg¯
are given in Appendix A. Note that the flow equation of
the background coupling depends on the dynamical cou-
pling via the anomalous dimensions, while the converse
does not hold.
D. The couplings Λ(n)
In section III A we have introduced an approximation
which takes into account scale-dependent couplings Λ(n)
for the momentum-independent part of each vertex func-
tion. For the second order, we have identified Λ(2) as the
graviton mass M2, see (16). In the present section we
discuss the vertices with n ≥ 3.
The Einstein-Hilbert truncation, which identifies all
Λ(n) with the cosmological constant Λ, is ill-defined in
the limit µ→ −1. As we will see in section IV, this limit
is approached by physical RG trajectories in the deep
IR. This regime is crucial to understand the global phase
structure of Euclidean quantum gravity: the couplings
Λ(n) play a distinguished role, as the related singulari-
ties arise from the momentum-independent parts of the
vertex functions. In order to cure the inconsistencies of
the Einstein-Hilbert truncation, we deduce the singular-
ity structure of the couplings Λ(n) with n ≥ 3. The full
details are given in Appendix C. Essentially, the idea
is to expand the right-hand sides of the flow equations
for the n-point functions in powers of 1 + µ and taking
into account the singularities of highest order. Thus, for
µ→ −1+ we use the ansatz
lim
µ→−1+
λ(n) ∼ (1 + µ)αn , (31)
for n ≥ 3. We proceed by inserting this ansatz in the flow
equations for Γ(nh) and analyze the generic loop integrals
to leading order in the singularities that arise in the limits
under consideration. Consistent scaling of both sides of
the flow equations for arbitrary n leads to the relations
αn = αn−2 + α4 − 1 , (32)
for n ≥ 5 and
α4 ≤ 2α3 − 1 . (33)
The parameter α4 obeys the bound
α4 < 0 . (34)
The value of the parameters α3 and α4 cannot be ob-
tained from the divergence analysis alone. They are dy-
namically determined by the flow of the three- and four-
point function. This highlights again that the standard
Einstein-Hilbert approximation with λ(n) = −µ/2 is in-
consistent in the IR, and the non-existence of the IR fixed
point cannot be inferred from such an approximation. It
is also important to stress that the qualitative features of
the phase diagram do not depend on the specific choice
of α3 and α4, see section IV A and Appendix D. In turn,
the quantitative behaviour does only mildly depend on
variations of these two parameters. Their flows will be
studied in a forthcoming publication [66].
Still, we can estimate α3 based on the saturation of
the inequality (33). Moreover, the constant parts of the
vertex functions are parametrically suppressed far away
from the singular regime. This entails that there it is
viable to identify Λ(n) = Λ(2) as done in all other ap-
proximations used in the literature. From these condi-
tions one obtains α3 ≈ −1/9. More details are given in
Appendix D. In Appendix E it is shown that
λ(n) = −µ
2
(1 + δλ(n)) (35)
is consistent with all constraints, where δλ(n)
parametrizes the deviation from the Einstein-Hilbert
approximation. The latter is modeled by
δλ(n) = sgn(µ)χ
∣∣∣∣ µ1 + µ
∣∣∣∣−αn , (36)
with χ a parameter to be tuned to match the aforemen-
tioned conditions.
E. The cosmological constant
It is left to discuss the role of the cosmological constant
Λ in the present construction. Written on the right hand
7side of the field equations, it can be interpreted as an
additional source for gravity. In the classical limit, the
quantum equations
δΓ
δφ
= Jext , (37)
with an external source Jext, reduce to the classical equa-
tions of motion. Hence, it is natural to define the cos-
mological constant from the one-point function, i.e. we
identify Λ(1) = Λ as the vacuum energy. More precisely,
with the vertex construction (12), the one-point function
takes the form
δ
δh
Γ
∣∣∣∣
g=δ
∼ Λ√
GN
√
Zh . (38)
Note that the one-point function does not enter the flow
of higher order vertex functions. Consequently, the cos-
mological constant decouples from the β-functions for
Newtons constant, the effective mass and the set of in-
tegral equations for the anomalous dimensions. On the
other hand, these quantities obviously determine the run-
ning of the cosmological constant, i. e. the β- function for
the dimensionless cosmological constant λ := Λ/k2 is of
the form
λ˙ = βλ[ηh, ηc](g, λ, µ)
= −2λ+ g (A[ηh, ηc](µ) + λB[ηh, ηc](µ)) .
(39)
The explicit form of this flow equation is given in Ap-
pendix A.
F. Regulators and stability
In order to test the quality of our truncation, we will
use several regulators and vary the parameters χ and αn
introduced before. As regulators, on the one hand we use
the class of exponential regulators given by
ra(x) =
1
x(2exa − 1) , (40)
where x = p2/k2 is the dimensionless squared momen-
tum. In our analysis, we scanned the parameter range
a = {2, 3, 4, 5, 6}. On the other hand, the Litim regula-
tor, [72], is used,
ropt(x) =
(
1
x
− 1
)
θ(1− x) , (41)
where θ(x) is the Heaviside step function. Note that this
regulator is optimized within the leading order deriva-
tive expansion but not beyond, see [48, 72]. Also, with
the semi-optimized regulator the divergence analysis for
the Λ(n) is slightly different from the one performed in
Appendix C, but leads to similar results.
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FIG. 2: Fixed points and global phase diagram in the (g, µ)-
plane. Arrows point from the IR to the UV, red solid lines
mark separatrices while dots indicate fixed points. The black
dashed line is a specific trajectory that connects the UV fixed
point with the non-trivial IR fixed point, which is analyzed
further in the text. In analogy to [3], region Ia corresponds
to trajectories leading to the massless IR fixed point, whereas
region Ib leads to the massive IR fixed point. Region II is not
connected to the UV fixed point, and thus physically irrele-
vant.
We also have scanned different values for the parame-
ters χ and α3 in (36), and we have restricted our investi-
gation to the case of equality in (33). It turns out that the
results do not depend on the specific choice of α3. Note
that the parameter χ is bounded from above as other-
wise the parametric suppression of the δλ-contribution
away from the singularity is lifted and the UV regime is
changed. In Table VII in Appendix D, a table is given
where the change of the UV fixed point values under a
change of α3 and χ can be ascertained.
IV. RESULTS
In this section we present our results. First, the global
phase diagram is discussed. Subsequently, its UV and IR
properties will be examined in more detail. In doing so,
we will also make contact with older results. If not stated
otherwise, all results and pictures are obtained with the
specific choice of the exponential regulator r4.
A. The phase diagram
The phase diagram for the dynamical couplings (g, µ)
is depicted in Figure 2. We find an attractive UV fixed
point with coordinates
(gUV∗ , µ
UV
∗ ) = (0.614,−0.645) , (42)
and complex critical exponents θ1,2 = (−1.268± 3.009i).
This provides further non-trivial evidence for the asymp-
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FIG. 3: The momentum-dependence of the anomalous dimensions of the graviton (left) and the ghost field (right) for different
regulators at the respective UV fixed points. Only a weak dependence on the parameter is observed. The difference between
optimized and exponential regulators is due to the fact that the modes are not integrated out at the same scale. From the fact
that the quadratic external momentum terms cancel in the flow of the graviton [3], ηh goes to zero in the limit of large external
momenta. The same is not true for the ghosts, where the anomalous dimension goes to a constant.
totically safe UV structure of quantum gravity. We
also find the built-in repulsive Gaussian fixed point at
(gGauss∗ , µ
Gauss
∗ ) = (0, 0), and a massive IR fixed point
at (gIR∗ , µ
IR
∗ ) = (0,∞). The most striking feature of the
present phase diagram is the confirmation of the attrac-
tive massless IR fixed point
(gIR∗ , µ
IR
∗ ) = (0,−1) , (43)
which was already found in [3], where it corresponds to
a de-Sitter fixed point with λ = 1/2. This fixed point
implies the global existence of trajectories connecting the
UV fixed point with a finite IR fixed point. The present
result is a clear confirmation that this IR fixed point is
not a truncation artifact, but rather a physical property
of the theory.
Importantly, it turns out to be an IR fixed point de-
scribing classical gravity. Physical initial conditions lead
to globally defined trajectories that connect the non-
trivial UV fixed point with the physical IR fixed point
(gIR∗ , µ
IR
∗ ) = (0,−1).
Note also that all UV-complete trajectories are also IR-
complete, and end in either the massive or massless IR
fixed point. In addition to this structure, there is a re-
pulsive fixed point at (grep∗ , µ
rep
∗ ) = (0.250,−0.905). This
fixed point was also found in [2]. All essential features do
not depend on the choice of the regulator r(x), and there
are only minor quantitative changes induced by varia-
tions of the latter. The variation of the UV fixed point
values under a variation of the vertex model parameters
χ, α3, (36) is given in Table VII in Appendix C.
B. UV regime
Let us further investigate the properties of the UV fixed
point. First of all, the existence of the fixed point does
a 2 3 4 5 6 opt
µ∗ -0.637 -0.641 -0.645 -0.649 -0.651 -0.489
g∗ 0.621 0.622 0.614 0.606 0.600 0.831
g∗ 0.574 0.573 0.567 0.559 0.553 0.763
λ∗ 0.319 0.316 0.316 0.318 0.319 0.248
EVs -1.284 -1.284 -1.268 -1.255 -1.244 -1.876
±3.247i ±3.076i ±3.009i ±2.986i ±2.974i ±2.971i
-2 -2 -2 -2 -2 -2
-1.358 -1.360 -1.360 -1.358 -1.356 -1.370
TABLE I: UV fixed point values and eigenvalues for different
regulator parameters a, and the optimized regulator, with
parameter values α3 = −0.1 and χ = 0.1.
here [5] [3] [2] [73] [65] Table VI
g∗ 0.763 1.178 2.03 0.966 1.055 1.617 1.684
λ∗ 0.248 0.250 0.22 0.132 0.222 -0.062 -0.035
g∗λ∗ 0.189 0.295 0.45 0.128 0.234 -0.100 -0.059
TABLE II: Comparison of the UV fixed point coordinates
with earlier results for the optimized cutoff. Parameter values
are α3 = −0.1 and χ = 0.1. Methods of the references (in
order): background approximation [5], bi-local projection [3],
geometric approach [2], bi-metric approach [73]. The mixed
approach is applied in [65] and is also discussed in the present
paper in the last paragraph of this subsection, Table VI.
not depend on the specific choice of the regulator. More-
over, it is attractive in all four directions investigated
here. Furthermore, even though the critical exponents of
the dynamical quantities (g, µ) are complex, the ones of
the physical background couplings (g, λ) are real. This
was also found in [3] and [65]. Notice that the eigenvalue
corresponding to g is exactly -2, which can be imme-
diately inferred from the specific structure of the back-
ground coupling flow equation. Also, the eigenvalue cor-
9responding to λ is inherently real, as its flow equation is
a polynomial of order one in the cosmological constant.
All these points are summarized in Table I.
The connection to earlier results is drawn in Table II.
The present results support the qualitative reliability
of the Einstein-Hilbert type approximations in the UV
regime.
The couplings as functions of the RG scale k along one
selected trajectory (marked as a dashed black line in the
phase diagram) are shown in Figure 5. One can see how
the couplings tend to their finite fixed point values in the
UV. The IR regime will be discussed below.
A further quantity of interest is the anomalous dimen-
sion. The momentum-dependence of both graviton and
ghost anomalous dimension is given in Figure 3 for all
used regulators at their respective UV fixed point. As one
can see, only quantitative differences occur. The gravi-
ton anomalous dimension is of the order of 0.5, whereas
the ghost anomalous dimension is of the order of −1.5.
The difference between exponential and optimized reg-
ulators is due to the fact that the regulators integrate
out modes at different scales. Consequently, the effective
cut-off scale is regulator-dependent. A formal discussion
of scale-optimization can be found in [48], and is applied
in the context of finite temperature Yang-Mills theory in
[74]. For instance, for the exponential cutoff ra(x) with
a = 4, we find that if one rescales
kopt → 1.15 kopt , (44)
the momentum-dependence of the anomalous dimension
with a optimized regulator matches the one obtained
with an exponential regulator, see Figure 4. In gen-
eral, we observed that the (TT-part of the) graviton
anomalous dimension is positive, however there are
indications that this does not remain so when the other
degrees of freedom of the graviton receive an individual
anomalous dimension [66]. On the other hand, the ghost
anomalous dimension is strictly negative, as was already
found in [75] and [76]. We also note that the anomalous
dimensions are not the leading contribution to the flow.
This means that by setting η(q2) = 0 on the RHS of the
flow (19), one captures all qualitative properties dicussed
here. Hence, the anomalous dimensions only constitute
correction effects while the leading term on the RHS of
the flow equations is the one proportional to r˙. In the
ghost sector this pattern is even more pronounced, and
dynamical ghost effects on the phase diagram and the
running couplings are very small.
Derivative expansion: We close this section with a
discussion of the stability of the (covariant) derivative
expansion which is the standard approximation scheme
used so far. The first calculation of the graviton anoma-
lous dimension has been presented in [3] within the FRG.
There, the flow is projected at p = k. In the work [65]
a derivative expansion around p = 0 is performed. The
full results in the present study show a strong momen-
tum dependence of the correlation functions as well as
a 2 3 4 5 6 opt
ηder 0.46 0.48 0.51 0.54 0.56 0.51
TABLE III: Anomalous dimension ηder in the lowest order
derivative expansion derived from the full flow.
a 2 3 4 5 6 opt
ηder 0.44 0.50 0.58 0.66 0.74 0.61
TABLE IV: Full anomalous dimension ηder in the lowest order
derivative expansion derived from the full flow.
their flows in the cut-off regime with p2/k2 . 1. Such a
strong momentum dependence of the flows either requires
higher orders in the derivatives or a non-local expansion
that works-in the information of momenta close to zero
and those close to p2/k2 = 1, see [3, 74, 77].
Note that there is a strong cut-off dependence of the
graviton anomalous dimension at the UV fixed point for
small momenta p2/k2 . 0.05, see Figure 3. The occu-
rance of this regime is presumably related to the mass-
scale set by the fixed point value of µ. Here we investi-
gate its impact on the value of ηh in the leading order
of the derivative expansion. We also consider a variation
of the expansion point. We also use the present results
with full momentum-dependence in order to investigate
the reliability of the derivative expansion. There, the
computation of the anomalous dimension requires
∂p2 Γ˙
(2h)
k
Z
= −η + Z˙
′
Z
(x+ µ) +
Z ′
Z
(2µ+ µ˙) , (45)
e.g. at vanishing momentum, x = p2/k2 = 0. On the
other hand, the momentum derivative of η gives the re-
lation
Z˙ ′
Z
= −η′ − Z
′
Z
η . (46)
Inserting (46) in (45) leads to
∂p2 Γ˙
(2h)
k
Z
= −η−η′(x+µ)+Z
′
Z
[
(2−η)µ−η x+µ˙
]
. (47)
In the lowest order derivative expansion, that is Γ
(2h)
k =
Zk(p
2 + m2), the anomalous dimension ηder is given by
(minus) (47) evaluated at x = 0. Moreover, the lowest
order implies Z ′ = 0 and we simply arrive at
ηder = η(0). (48)
For the regulators used in the present work this leads
to anomalous dimensions listed in Table III. However,
the full lowest order derivative expansion takes into ac-
count the Z ′-terms on the right hand side. At vanishing
momentum there is the relation
Z ′
Z
∣∣∣∣
x=0
=
1
2
η′
∣∣∣∣
x=0
. (49)
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FIG. 4: Comparison of the momentum dependence of the graviton and the ghost anomalous dimension with the exponential
regulator with a = 4 on the one hand, and the optimized regulator with the cutoff-rescaling (44) on the other.
α 0 0.25 0.5 0.75 1 1.15
ηder 0.57 0.50 0.39 0.25 0.074 -0.016
TABLE V: Anomalous dimension ηder in the standard deriva-
tive expansion with optimized regulator in an expansion
around p = αk with (µ = 0, g = 1).
This is easily derived from
Zk(p
2) = Zk0(p
2) exp
{
−
∫ k
k0
dk¯
k¯
ηk¯(p
2)
}
, (50)
where both k and k0 are in the scaling regime. The latter
condition implies that Z ′/Z = Z ′¯
k
/Zk¯(0) and η
′ = η ′¯
k
(0)
are independent of k¯ ∈ [k0 , k]. Then we conclude that
at x = 0 we have
Z ′k
Zk
=
Z ′
Z
k2
k20
+
1
2
η′
(
1− k
2
k20
)
, (51)
for all k, k0 in the scaling regime and we are led to (49).
Hence, in the scaling regime (with µ˙ = 0) the full anoma-
lous dimension in the derivative expansion at x = 0 is
given by
ηder = η
(
1 +
1
2
η′ µ
)
, (52)
leading to Table IV. These results seem to be much more
stable then the approximation (48).
To complete the present reliability analysis of Taylor
expansions in momenta p2, we also investigate expan-
sions about a general expansion point p = αk. We
present results for the optimized regulator and evaluate
the anomalous dimension for g = 1, µ = 0, ηc = 0. The
conclusions of this study do not depend on the choice
of these parameters. As one can see, the anomalous
dimension of the graviton in a derivative expansion
strongly depends on the specification parameter α. This
relates to the fact that such an expansion only works
well if the full flow of the propagator shows a mild
momentum dependence. This is not the case for the flow
of the graviton two-point function, see [3]. In general,
even the sign of the anomalous dimension depends
on the specification parameter. We conclude that a
derivative expansion in quantum gravity with α = 0 has
to be used with great caution.
Effect of identifications of couplings in the UV: As al-
ready mentioned, the present approximation is the first
work that employs individual running couplings for the
momentum-independent part of each vertex function. In
particular, the graviton mass term should not be identi-
fied with the cosmological constant. Still, we have shown,
that the full expansion with momentum-dependent wave
function renormalizations and a mass term for the fluctu-
ating graviton h provides UV fixed point results in qual-
itative agreement with that of the standard background
field approach, if we identify the mass a posteriori with
(minus 1/2 of) the cosmological constant. Within such
an identification we have a deSitter fixed point.
For completeness, we also have investigated a mixed
approach: We use a flat anomalous dimension ηh in a
derivative expansion about vanishing momentum, or a
momentum-dependent one, ηh(p
2), for the fluctuating
graviton. In turn, the flows of the graviton mass and
the Newton coupling g are extracted from the flow of
the cosmological constant and the Newton coupling in
the background field approximation. This can be inter-
preted as an intermediate step towards the full approx-
imation studied here. Interestingly this leads to a very
small and negative fixed point value for the cosmological
constant, see also [65] for such a mixed expansion with
a flat anomalous dimension. Our fixed point results for
the case with a flat anomalous dimension are given in
Table VI. They are in qualitative agreement with the re-
sults of [65]. Notably, the results in the mixed approach
deviate from both, the background field results and that
of the full approximation introduced in the present work.
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a 2 3 4 5 6 opt
g∗ 1.68 1.72 1.75 1.77 1.80 1.68
λ∗ -0.064 -0.076 -0.088 -0.100 -0.110 -0.035
ηderh 0.81 0.93 1.03 1.14 1.24 0.86
ηderc -1.08 -1.05 -1.04 -1.03 -1.01 -0.75
TABLE VI: Fixed point values g∗ and λ∗ and anomalous di-
mension ηder at this fixed point in the mixed approach.
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FIG. 5: The running couplings as functions of the renormal-
ization scale k in units of the Planck mass. In the UV the
couplings tend to their finite fixed point values. As one fol-
lows the trajectories down to the IR, one can see the scaling
behaviour in the vicinity of the IR fixed point.
We have also checked that this originates in the identifi-
cation of the mass term with the cosmological constant,
the given alternative choices for the flow of the Newton
constant do not alter this result.
C. IR regime
The non-trivial IR fixed point is located at (g, µ) =
(0,−1). The most important feature is that it is a clas-
sical one, i.e. the essential couplings scale classically and
all quantum contributions vanish: The gravitational cou-
plings and the cosmological constant scale as
g, g ∼k2 , λ ∼k−2 , (53)
and the anomalous dimensions vanish,
ηh →0 , ηc →0 , (54)
see Appendix F. This leads to flow trajectories that con-
nect the asymptotically safe UV regime for k → ∞ and
short distances, with a classical IR regime for k → 0 and
large distances. Since µ approaches a finite value in the
limit k → 0, the dimensionful mass M2 = µk2 vanishes
in the deep IR. Accordingly, this fixed point corresponds
to a massless theory on large distances, which is consis-
tent with gravity as a force with infinite range. Moreover,
the scaling of Newton’s coupling (53) allows us to identify
a scale in the following way. As g (or g) scales classically,
the coefficient of proportionality, say C, is nothing else
than the Newton constant, because
GN = gk
−2 = Ck2k−2 = C . (55)
Thus, scales are measured in units of the Planck mass,
M2Pl = 1/C. The physical trajectory is then fixed by
measuring the relevant couplings, that is the (back-
ground) Newton constant and cosmological constant,
at a given scale. In Figure 5 one can see both, the
classical scaling in the IR as well as the vanishing of
the β-functions in the vicinity of the UV fixed point for
large k. The classical scaling regime extends roughly
up to one order of magnitude below the Planck scale.
This implies the absence of quantum gravity effects for
energies E  MPl, as it is expected in a theory without
a large volume compactification of extra-dimensions.
Note also that the difference between the two couplings
g and g¯ is hardly visible, which justifies to some extent
the background approximation for the Newton constant.
V. SUMMARY AND OUTLOOK
We have presented a quantum gravity calculation that
shows a classical regime on large distances, and asymp-
totically safe physics in the non-perturbative UV limit.
The behaviour at large distances relates to an attractive
IR fixed point with classical scaling behaviour. This im-
plies that the dimensionful Newton constant GN and the
cosmological constant Λ do not depend on the energy
scale (inverse length scale) for large distances. Hence,
for the first time, this includes the domain of clas-
sical gravity, that has been tested experimentally, in
the renormalization group approach to quantum grav-
ity. The classical gravity regime in the vicinity of the
IR fixed point is connected to a non-perturbative UV
fixed point, which ensures the finiteness of scattering
amplitudes at arbitrary high energies. The small depen-
dence of the results on the regulator indicates stability
of the present truncation. Technically, this work intro-
duces a novel approximation scheme in RG-gravity cal-
culations. This scheme has two essential features: First,
we work in a vertex expansion with fully momentum-
dependent wave-function renormalizations for the gravi-
ton and for the ghost field. Second, the higher order
correlation functions are parametrized by additional cou-
plings for their momentum-dependent and momentum-
independent parts. The latter become important in
the IR and their properties are determined by a self-
consistency scaling analysis. In particular, we show that
the momentum-independent part of the two point func-
tion cannot be identified with the cosmological constant
at large distances.
In summary, this work provides further evidence for
the asymptotic safety scenario in quantum gravity. In
addition it substantiates the physics at the IR fixed point
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found in [2, 3]. By now, the approximation is quantita-
tive enough to produce classical scaling for the couplings
GN and Λ for large length scales, in accordance with ex-
perimental observations. The present approximation is
readily extended to include higher correlation functions
which will be reported on in future work [66].
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Appendix A: Flow equations
The modified threshold functions introduced in sec-
tion III C are given by:
Φpn[η](ω) =
1
Γ(n)
∞∫
0
dxxn
r˙(x)− η(x)r(x)
(x(1 + r(x)) + ω)p
. (A1)
With these threshold functions, the geometric flow equa-
tions in [2], improved by momentum-dependent anoma-
lous dimensions, are given by
g˙ = 2g − g
2
2pi
[
2
3
Φ11[ηh](µ) +
10
3
Φ22[ηh](µ)
+
5
12
Φ11[ηc](0) +
5
4
Φ22[ηc](0)
]
, (A2)
g˙ = 2g − g
2
2pi
[
2
3
Φ11[ηh](µ) +
10
3
Φ22[ηh](µ)
+
5
24
Φ11[ηc](0) +
5
8
Φ22[ηc](0)
+µ˙
(
2
3
Φ21[0](µ) +
20
3
Φ32[0](µ)
)]
. (A3)
The flows of the two-point functions are given by
∂tΓ
(2h)(p2)
Zh(p2)
= g
∞∫
0
dq
1∫
−1
dx
√
1− x2 q
3
3pi2
×
[
− fc(p, q, x)(r˙1 − ηc(q
2)r1)
(1 + r1)2(1 + r2)
(A4)
− 6q
2(3p2 + 6q2 − 8λ(4))(r˙1 − ηh(q2)r1)
(q2(1 + r1) + µ)2
+
fh(p, q, x, λ
(3))(r˙1 − ηh(q2)r1)
(q2(1 + r1) + µ)2((p2 + 2pqx+ q2)(1 + r2) + µ)
]
,
∂tΓ
(cc)(p2)
Zc(p2)
= −g
∞∫
0
dq
1∫
−1
dx
√
1− x2 4q
3
3pi2
×
p2(3 + 6x2) + pqx(−2 + 20x2) + q2(5− 12x2 + 16x4)
p2 + 2pqx+ q2
×
(A5)[
r˙1 − ηc(q2)r1
(1 + r1)2((p2 + 2pqx+ q2)(1 + r2) + µ)
+
q2(r˙1 − ηh(q2)r1)
(q2(1 + r1) + µ)2(1 + r2)
]
.
Here, we have introduced the short cuts r1 = r(q
2) and
r2 = r(p
2 + 2pqx + q2). The functions fc(p, q, x) and
fh(p, q, x, λ
(3)) read
fc(p, q, x) =
16
(
p2(2 + x2) + 6pqx+ 3q2
)
p2 + 2pqx+ q2
(A6)
and
fh(p, q, x, λ
(3)) =
4q2
5(p2 + 2pqx+ q2)
×
(
15p6(1 + 2x2) + 10p5qx(7 + 8x2)
+ p4q2(21 + 208x2 + 56x4) + 140p3q3x(1 + 2x2)
+ 4p2q4(7 + 76x2 + 22x4)
+ 8pq5x(17 + 11x2 + 2x4)
+ 4q6(7 + 6x2 + 2x4)− 4λ(3)[15p4(1 + 4x2)
+ 30p3qx(3 + 4x2) + p2q2(−9 + 248x2 + 16x4)
+ 20pq3x(5 + 4x2) + 20q4(1 + 2x2)
]
+ 8(λ(3))2
[
15p2(1 + x2) + 20pqx(2 + x2)
+ 2q2(9 + 2x2 + 4x4)
])
. (A7)
Finally, the flow equation for λ from the one-point func-
tion is given by
λ˙ =− 2λ+ g
[ ∞∫
0
dq
3q7(1 + 2λ(3))
4pi
r˙(q2)− ηh(q2)r(q2)
(q2(1 + r(q2)) + µ)2
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+
∞∫
0
dq
q3(3− λ(3))
3pi
r˙(q2)− ηc(q2)r(q2)
(1 + r(q2))2
]
. (A8)
Appendix B: Projection procedure
Here, we want to argue why the projection procedure
to obtain the flow equation for the mass and the inte-
gral equation for the graviton anomalous dimension is
the physical one. First the anomalous dimension must
be finite everywhere, in particular at the pole. Other-
wise, the wave-function renormalization could be written
as
Zh(p
2) = (p2 + µ)ωZ˜h(p
2) (B1)
with a nonzero parameter ω and Zh(−µ) finite and
nonzero. However, the wave-function renormalization
should only determine the residue at the propagator pole.
Thus, we assume that the anomalous dimension is finite.
Next, we consider the flow equation of the two-point
function,
− ηh(p2)(p2 + µ) + µ˙+ 2µ = ∂tΓ
(2h)(p2)
Zh(p2)
. (B2)
We can evaluate this equation at an arbitrarily chosen
fixed momentum, say `, to obtain the β-function of the
mass:
µ˙ = −2µ+ ∂tΓ
(2h)(`2)
Zh(`2)
+ ηh(`
2)(`2 + µ) . (B3)
Substracting this from the original equation leaves an
integral equation for the anomalous dimension,
ηh(p
2) = −
∂tΓ
(2h)(p2)
Zh(p2)
− ∂tΓ(2h)(`2)Zh(`2)
p2 + µ
+ ηh(`
2)
`2 + µ
p2 + µ
.
(B4)
One easily sees that the right hand side of this equation
diverges at p2 = −µ, if η(`2) is not chosen appropriately.
As we already know that the anomalous dimension must
be finite everywhere, we conclude that
ηh(`
2) =
∂tΓ
(2h)(−µ)
Zh(−µ) −
∂tΓ
(2h)(`2)
Zh(`2)
`2 + µ
. (B5)
This can be reinserted into (B4), leading to
ηh(p
2) = −
∂tΓ
(2h)(p2)
Zh(p2)
− ∂tΓ(2h)(−µ)Zh(−µ)
p2 + µ
, (B6)
which is the equation originally proposed in the main
text. We can use the expression for ηh(`
2) also for the
flow equation of the mass, resulting in
µ˙ = −2µ+ ∂tΓ
(2h)(−µ)
Zh(−µ) , (B7)
again reproducing the result from the main text.
Thereby, we have shown, under the reasonable condition
of a finite anomalous dimension, that our flow equations
are unique.
Appendix C: Infrared scaling analysis
Here, we discuss the IR divergence analysis in more de-
tail. Before we can proof a recursion relation for the pa-
rameters αn, we discuss some general properties of such
a setting.
Prerequisites: The flow of a general n-point vertex
function includes generic loop integrals with dimension-
less external momenta pi and loop momentum q of the
form ∫
d4q
(2pi)4
fn(q, pi)
(q2(1 + r(q2)) + µ)2
×
n−2∏
i=1
((pi + q)
2(1 + r((q + pi)
2)) + µ)−1 ,
(C1)
with a function fn(q, pi) resulting from contractions of
the tensor structure T˜ defined in (14). Obviously, the
divergences are strongest at vanishing external momenta
pi = 0. In this case, all internal propagators carry the
loop momentum q and we are left with∫
d4q
(2pi)4
fn(q, pi = 0)
(q2(1 + r(q2)) + µ)n
. (C2)
Moreover, in the limit µ→ −1, these divergences emerge
from small momentum modes near q = 0. Consistent
regulators need to fulfill
lim
x→0
x(1 + r(x)) = 1 + ζx+O(x2) (C3)
with ζ > 0, because otherwise, the denominator in
(C2) exhibits a zero for µ > −1. The highest pole
order is contained in the momentum-independent part
f0n := fn(q = 0, pi = 0). Neglecting the angular inte-
gration, and by the above reasoning, the most divergent
part of the integral takes the form∫ δ>0
0
dq
q3f0n
(q2 + )n
, (C4)
where we introduced  = 1 + µ for convenience. These
expressions can be integrated which leads to a divergence
structure of the form
∫ δ>0
0
dq
q3
(q2 + )n
∼

finite if n < 2
log  if n = 2
2−n if n > 2
. (C5)
In a simple Einstein Hilbert truncation one identifies the
constant, momentum-independent parts of the n-point
vertex functions λ(n) with the mass term (or with the cos-
mological constant), i. e. λ(n) = −µ/2 for all n. However,
this approximation incorporates a scaling inconsistency,
as we will see by the divergence analysis below.
The following analysis is based on a matching of terms
in the limit  → 0 on the RHS and the LHS of the flow
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equations for n-point vertex functions. As a generaliza-
tion of the Einstein-Hilbert construction we allow for a
power law behaviour in  in the limit under consider-
ation. In such an expansion, logarithmic contributions
are sub-leading, do not change the power law and are
therefore discarded. Moreover, we keep only the leading
order terms, i.e. we assume a power law
λ(n)
→0∼ αn , n ≥ 3 , (C6)
and suppress terms of the form α˜n with α˜n > αn, since
we are interested in the limit  → 0. Moreover, we ob-
serve that the -dependence of the function f0n is com-
pletely stored in the parameters λ(n). Accordingly, these
are the only terms that we have to take into account in
an -scaling analysis. The generic form of a β-function
for λ(n) is of the form
λ˙(n) = −2λ(n) + g (loop− terms) , (C7)
i.e. a canonical term and loop contributions which are al-
ways proportional to the gravitational coupling g. First,
we show that the canonical term does not dominate the
β-functions for λ(n) with n = 2, 3, 4 in the limit  → 0.
In order to do so, we assume that the canonical term in
the beta functions for λ(3) dominates in the limit → 0,
i.e. λ˙(3)
→0∼ −2λ(3), which implies λ(3) →0∼ 1/k2. On
the other hand, dominance of the canonical term means
λ˙(3)
→0∼ α3 . From Figure 6 and (C5) we can can see that
there is a diagram producing a term
→0∼ 3α3−2. Domi-
nance of the canonical term then implies α3 > 1. In this
case λ(3)
→0→ 0. This contradicts λ(3) →0∼ 1/k2 as long
as there is no UV fixed point at  = 0. The same argu-
ment goes through for λ(4) by using the term
→0∼ 2α4−1
on the RHS of the respective flow equation. Thus, we
know that the canonical term is sub-leading or of equal
order as the loop terms. With a case-by-case analysis
of (λ3 ≶ 1, λ4 ≶ 1), one can show that α4 < 1. Then,
using (C13) below it can be deduced that the canonical
term in the flow equation for λ4 is indeed subleading and
λ˙4
→0∼ g. Together with (C15) this in turn implies that
˙
→0∼ g and therefore, the canonical term in ˙ is irrelevant
as well. Accordingly either
α4 < 0 or α3 < 1/2 , (C8)
and additionally, the canonical term in λ˙n for all n is sub-
leading too, as both sides of the respective flow equation
must be proportional to g.
Lemma 1: Assuming the results in Prerequisites, in
particular a power law
λ(n)
→0∼ αn , (C9)
with n ≥ 3, the hierarchy of flow equations implies
α4 ≤ 2α3 − 1 . (C10)
X
X
X
FIG. 6: Diagrams contributing to the divergence analysis of
the three-point function of the graviton.
X
X
X
XX
FIG. 7: Diagrams contributing to the divergence analysis of
the four-point function of the graviton.
Proof : The flow of the two point function (evaluated
at vanishing external momentum) leads to the relation
µ˙ = ˙
→0∼ g max
{∣∣∣λ(4)∣∣∣ , (λ(3))2

}
∼g max{α4 , 2α3−1} , (C11)
where the terms in the curly brackets {·, ·, ...} indicate the
leading contributions arising from the distinct diagrams.
The diagrams generating the running of the three point
function (see Figure 6) lead to
λ˙(3)
→0∼ g max{α5 , α3+α4−1, 3α3−2} . (C12)
The next order in the hierarchy, the flow equation for
Γ(4h), has the diagrammatic representation Figure 7.
This means that the diagrams scale in the limit → 0 as
λ˙(4)
→0∼ g max{4α3−3, 2α3+α4−2,
2α4−1, α3+α5−1, α6
}
.
(C13)
On the other hand, we can calculate λ˙(3) and λ˙(4) from
(C9), i.e. the LHS of the flow equation. Using (C11), this
yields
λ˙(3)
→0∼ α3−1˙ →0∼ g max{α3+α4−1, 3α3−2} , (C14)
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and
λ˙(4)
→0∼ α4−1˙ →0∼ g max{2α4−1, α4+2α3−2} . (C15)
Consistency requires matching of the leading terms on
both sides of the flow equations.
If the leading term on the LHS is known, the matching
condition induces inequalities on the RHS and we can
obtain relations for αn.
On the left hand sides of the flow equations for the
three- and the four-point functions we have in each case
two terms, (C14) and (C15). Let us now study the dif-
ferent cases for the leading terms. Considering the three-
point function, the different cases can be written as
α3 + α4 − 1 S 3α3 − 2 . (C16)
Analogously, from the LHS of the four-point function we
obtain one of the “dual” relations
2α4 − 1 S α4 + 2α3 − 2 . (C17)
Obviously, the above relations (C16) and (C17) are equiv-
alent, i.e. if one of the relations >,=, < is true, the cor-
responding relation holds for the other expression. Con-
sequently, if we know the leading term on the LHS of
the flow equation for Γ(3h), we know the leading term in
the corresponding equation for Γ(4h) and vice versa. We
proceed with a case-by-case analysis.
(i) Assume
α3 + α4 − 1 ≥ 3α3 − 2 . (C18)
From the “dual” relation for the four point function we
know that α4 + 2α3 − 2 is the dominant term on the
LHS of λ˙(4) and therefore also on the RHS, i.e. in (C13).
Hence, the inequality
α4 + 2α3 − 2 ≤ 4α3 − 3 (C19)
necessarily holds. This inequality in turn implies α4 ≤
2α3 − 1, while (C18) is equivalent to α4 ≥ 2α3 − 1. We
conclude that
α4 = 2α3 − 1 , (C20)
which is equivalent to the assumption 3α3−2 = α3+α4−
1 while 3α3 − 2 < α3 + α4 − 1 produces a contradiction.
With (C20) we have checked two of the three cases,
i.e. under the ≥ assumption only the = sign is a consis-
tent solution. The term involving α5 is subject to the
condition
α5 ≥ α3 + α4 − 1 . (C21)
Let us study the other case:
(ii) Assume
α3 + α4 − 1 < 3α3 − 2 . (C22)
Comparing with (C12), we find that the equation for
Γ˙(3h) is trivially consistent with this assumption. More-
over, the assumption that 2α4 − 1 is the leading term
(which is equivalent to assumption (C22)) is consistent
with the first three diagrams in (C13). Again, the terms
involving α5 and α6 are appropriately constrained, see
remark 2 below, and we can constitute that (C22) is in-
deed a consistent assumption. Including both cases, this
leads to the relation
α4 ≤ 2α3 − 1 , (C23)
and proves the lemma. 
Remark 1: This means that from Γ˙(3h) and Γ˙(4h) we
obtain an inequality that constrains the relation be-
tween α3 and α4, which are at this stage free parameters.
Remark 2: Lemma 1 with (C8) implies
α4 < 0 (C24)
always, thus α3 cannot be constrained solely by the
analysis above.
Remark 3: Moreover, we cannot fix αn for n > 4 with
the equations for the three- and the four-point function.
However, since equations (C14) and (C15) are indepen-
dent of α4 and α5, these terms cannot be the leading
contributions in the limit under consideration, i.e. they
cannot generate the power law. This implies
α5 ≥ α4 + α3 − 1 . (C25)
Applying the same logic to the four-point function, we
arrive at
α6 ≥ 2α4 − 1 . (C26)
In order to further constrain the parameters αn with
n > 4, we proceed by analyzing the running of Γ(nh).
Lemma 2: Under the same conditions as in Lemma
1, we obtain the recursion relation for n ≥ 5:
αn = αn−2 + α4 − 1 . (C27)
Proof : In general, assumption (C9) together with
(C11) leads to
λ˙(n)
→0∼ g αn−1˙
→0∼ gmax{αn+α4−1, αn+2α3−2} . (C28)
The canonical term can be dropped since α4 < 0.
Lemma 1 ensures that the leading term is always given
by αn+α4−1. Accordingly, all terms generated by the di-
agrams on the RHS of the flow equation must be smaller
or equal to this term. For every n, the flow equation for
Γ(nh) contains a diagram with 2 four-point vertices, one
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1/χ α3 = −0.1 α3 = −0.2 α3 = −0.3 α3 = −0.4 α3 = −0.5
10 µ∗ = −0.645 µ∗ = −0.651 µ∗ = X µ∗ = X µ∗ = X
g∗ = 0.614 g∗ = 0.604 g∗ = X g∗ = X g∗ = X
15 µ∗ = −0.630 µ∗ = −0.633 µ∗ = −0.637 µ∗ = −0.641 µ∗ = X
g∗ = 0.637 g∗ = 0.633 g∗ = 0.628 g∗ = 0.620 g∗ = X
20 µ∗ = −0.624 µ∗ = −0.626 µ∗ = −0.628 µ∗ = −0.630 µ∗ = −0.634
g∗ = 0.647 g∗ = 0.644 g∗ = 0.640 g∗ = 0.637 g∗ = 0.632
25 µ∗ = −0.621 µ∗ = −0.622 µ∗ = −0.623 µ∗ = −0.625 µ∗ = −0.627
g∗ = 0.653 g∗ = 0.651 g∗ = 0.648 g∗ = 0.645 g∗ = 0.642
30 µ∗ = −0.618 µ∗ = −0.619 µ∗ = −0.621 µ∗ = −0.620 µ∗ = −0.623
g∗ = 0.658 g∗ = 0.655 g∗ = 0.653 g∗ = 0.651 g∗ = 0.648
35 µ∗ = −0.617 µ∗ = −0.618 µ∗ = −0.619 µ∗ = −0.620 µ∗ = −0.621
g∗ = 0.659 g∗ = 0.658 g∗ = 0.657 g∗ = 0.655 g∗ = 0.652
TABLE VII: UV fixed point values for different parameters χ and α3 with exponential regulator and a = 4. X indicates that
no fixed point is found for these parameter values.
(n−2)-vertex and 4 internal propagators. Hence, we can
conclude
αn + α4 − 1 ≤ 2α4 + αn−2 − 2 . (C29)
Moreover, we can generalize the results (C25) and (C26),
by considering the diagram with only one vertex, more
precisely, an (n+ 2)-vertex. Again, consistency requires
αn+2 ≥ αn + α4 − 1 (C30)
or equivalently αn ≥ αn−2 + α4 − 1. Combining this
result with (C29) proves lemma 2. 
Remark 4: Lemma 2 yields a recursion relation con-
necting all αn with α4 and α3. We are therefore left with
two free parameters, with the constraint (C24). More-
over, we can give explicit, non-recursive, expressions for
αn, depending on whether n is odd or even. The differ-
ence ∆α between αn and αn−2 is obviously
∆α = α4 − 1 , (C31)
and therefore independent of n. For n even we can ex-
press any αn as
αn =α4 +
(
n− 4
2
)
∆α
=
(n
2
− 1
)
α4 −
(n
2
− 2
)
, n even , n ≥ 6 , (C32)
which can be rewritten as
α2n = (n− 1)α4 − (n− 2) , n ≥ 3 . (C33)
For n odd we can do the same thing, starting with α3
and adding multiples of ∆α in order to arrive at
α2n+1 = α3 + (n− 1)α4 − (n− 1) , n ≥ 2 . (C34)
Appendix D: Estimating α3
Following the argument in section III D, there is a tran-
sition regime between Einstein-Hilbert-type of solutions
with λ(2) = λ(3) and an IR regime where they differ as the
trajectories approach  = 0. The simplest form of such a
transition is a sharp switch between the two solutions at
a scale k0 when the trajectories bend over to the separa-
trix and are attracted towards the IR fixed point. Such
a sharp cross-over between these two regions is certainly
different from the true behaviour, and it also differs from
our ansatz (35). However, this type of transition shares
the essential features with the true solution and can thus
provide a reasonable estimate. At the transition scale k0
we have the connection conditions
λ(3)(k0) = λ
(2)(k0) = −1
2
µ(k0) (D1)
and
λ˙(3)(k0) = λ˙
(2)(k0) = −1
2
˙(k0) . (D2)
Using the power law (C6) we have the simple relation for
the logarithmic derivative(
λ(3)
)′
λ(3)
=
α3

, (D3)
where ′ denotes the derivative with respect to . The
scale derivative can be expressed as
λ˙(3) =
(
λ(3)
)′
˙ . (D4)
Evaluating the above equation at k = k0 and combining
it with (D2) yields(
λ(3)
)′∣∣∣∣
k=k0
= −1
2
. (D5)
This in turn can be used together with (D2) when eval-
uating (D3) at k = k0. Keeping in mind that  = 1 + µ,
17
this results in
α3 =
1 + µ(k0)
µ(k0)
. (D6)
Together with α4 = 2α3 − 1 this fixes all αn. From the
phase diagram, one infers that the onset of this transition
is near µ ≈ −0.9 independent of the chosen parameters.
This gives
α3 ≈ −1/9 . (D7)
Not sticking to the equality does not alter the results
qualitatively.
Appendix E: Functional form of λ(n)
Here we construct explicit expressions for the functions
λ(n). In addition to the singularity structure, there are
further constraints to be fulfilled by such an ansatz. In
the following we show that
λ(n) = −µ
2
[
1 + sgn(µ)χ
∣∣∣∣ µ1 + µ
∣∣∣∣−αn
]
= −µ
2
(1 + δλ(n))
(E1)
is consistent with all constraints. In the above formula
χ is an arbitrary parameter. From perturbation theory
we know that in the Gaussian limit µ → 0, we need to
recover an Einstein-Hilbert solution. Indeed, (E1) en-
tails λ(n) = −µ/2 for all n in the vicinity of µ = 0 as
long as αn < 0. In addition to that, it is clear that the
correction cannot contain further powers of g, since this
would interfere with the singularity structure. Further-
more, the correction should be inherently dimensionless.
With these conditions, a quantity proportional to powers
of the ratio µ/(1 + µ) is everything we have at hand. In
the end, we are left with two (constrained) free parame-
ters, namely α3 ≤ 0 and χ ∈ R\0. The proportionality
factor χ is in general different for all λ(n) and can in prin-
ciple be calculated from higher order vertex functions. In
our truncation we choose a uniform constant for simplic-
ity. The IR structure is unaffected by the value of χ, but
a large χ might alter the UV regime. Note that the scal-
ing analysis is true in the IR limit only. Consequently,
we expect a small χ which does not interfere with the UV
regime.
Appendix F: Anomalous dimensions in the IR
Both anomalous dimensions need to vanish at the IR
fixed point for it to be classical. For the ghost anomalous
dimension, this is the case as long as g/ → 0, which is
equivalent to saying that α3 < 0, in accordance with
our estimate above. On the other hand, the vanishing
of the graviton anomalous dimension is seen as follows:
First, as shown in [3], the terms quadratic in the external
momentum in the flow cancel. Thus, the flow goes to a
constant as the external momentum goes to infinity, and
no divergences can appear there. Next, the flow equation
for the mass can be rewritten as
µ˙ = −2µ+ ∂tΓ
(2h)(0)
Zh(0)
+ ηh(0)µ . (F1)
We know that in the IR for µ → −1, g → 0, µ˙ vanishes.
This can be achieved in 3 different ways: either the flow
vanishes and the anomalous dimension at zero cancels
the canonical scaling, or both the flow and the anoma-
lous dimension cancel the canonical scaling, or only the
flow remains finite. First assume that the flow vanishes
in the limit µ → −1, g → 0. We know that the leading
order contribution comes from a term ∼ gλ(4), all other
terms have smaller divergences and thus vanish in the
limit g → 0. If this term vanishes, however, then the
flow is 0 everywhere, thus also the anomalous dimension
would vanish everywhere, and we would end up with no
fixed point. On the other hand, assume that gλ(4) re-
mains finite in our limit, then still all other terms in the
flow vanish, and thus the flow is a nonzero constant. This
in turn implies that the graviton anomalous dimension
must vanish as it is a finite difference of the flow. We
conclude that ηh(p
2) = 0 at the IR fixed point.
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